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O ■ Abstract. For any finite index normal subgroup of a finitely presented 

, group G, we obtain some lower bounds of the rank of the first homology of TV 

■ (with mod p coefficients) in terms of some invariants of G and G / N . Using 

psj , this, we confirm the Halperin-Carlsson Conjecture for any free Zp-torus actions 
[p is any prime) on 2-dimensional finite CW-complexes and any free Z2-torus 

^ ^ , actions on compact 3-manifolds. 

< 

t^; 1. Introduction 

Let = {z E 'C\\z\ = 1} he the circle group, and let Zp be the additive group 
7j/p7j where p is a prime integer. To avoid confusion, we use Fp to denote X/pL 
^ . as a multiplicative ring (field). For any topological space X, let 

^ ; hi{X; F) = dimp H,{X; F) = dimF H\X- F), Vi > 0, where F = Fp or Q. 

^ ! For any group G, let hi{G] Fp) = dimp^ Hi{G; Fp). 

^ ■ Halperin-Carlsson Conjecture: If G = {ZpY {p is a prime) or {S-^Y can 

CS| '. act freely and continuously on a finite CW-complex X, then we must have 

E^o6,(X;Fp) > 2'- or E'o^K^iQ) > 2" respectively. 

For convenience, we define 
: hrk(X; F) := ^ bi{X; F), where F = Fp or Q. 

The above conjecture was proposed in the middle of 1980s by S. Halperin in [16] 
for the torus case, and by G. Carlsson in |9] for the Zp-torus case. It is also called 
toral rank conjecture in some literature. 
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In the beginning, this conjecture mainly took the form of whether the existence 
of a free (Zp)''-action on a product of spheres 5" x ■ ■ ■ x 5"'' imphes r < k. 
Many authors have studied this intriguing conjecture and contributed results 
with respect to different aspects (see [H [2], [3], [H [HI [IT]). The reader is referred 
to see a survey of such results in [1] and [5]. But the general case is still open. 

When X is a general finite CW-complex, Halperin-Carlsson Conjecture was 
proved in [23] for r < 3 in the torus and Z2-torus cases and r < 2 in the Zp-torus 
{p is odd prime) case. Some other evidences supporting this conjecture can be 
found in Cao-Lii [7], Choi-Masuda-Oum [11], Felix-Oprea-Tanre [15], Kamishima- 
Nakayama |19| . Ustinovskii [27] and Yu [28] in various settings. 

In many cases where the Halperin-Carlsson Conjecture is confirmed, the mul- 
tiplicative structure of cohomology plays an essential role in the proof. But we 
will see that when the dimension of X is 2 or 3, the estimate on bi{X; ¥p) is often 
enough for us to prove the lower bound of hrk(X; ¥p) suggested by the conjecture. 

In this paper, we are mainly interested in the Halperin-Carlsson Conjecture 
for free (Zp)''-actions. Notice that a free action of {l^pY on an n-dimensional 
finite CW-complex X may not preserve the cell structure of X. So it is not very 
clear to the author whether the orbit space of the action is still an n-dimensional 
CW-complex (or homotopy equivalent to an n-dimensional CW-complex). Since 
we would like to understand X as a covering space over a not too wild space, we 
assume that the orbit space X/ {l^pY is still an n-dimensional finite CW-complex. 
Under this assumption, X can be thought of as a regular (Zp) ''-covering space 
over an n-dimensional finite CW-complex. In addition, we do not assume X is 
path-connected on priori. The main results of the paper are the following. 

Theorem 1.1. Let K be a 2- dimensional path- connected finite CW-complex. If X 
is a regular covering space over K with deck transformation group {l^pY (r > 1), 
then hrk(X; Fp) > 2^ . In particular, if X is path connected and hrk(X; Fp) = 2^, 
then r must be 1 or 2 and, X and K must satisfy one of the following conditions: 

(a) r = 1, H,{K- Fp) = H,{X; Fp) = H,{S^- Fp), 

ih) r = l,p = 2, H,{K- F2) = H,(RP^- ¥2), H,{X- F2) = H,{S^; F2). 
(c) r = 2, H,{K;¥p) = H,{X;¥p) = H,{S^ x ^^Fp). 

Remark 1.2. All of (a), (b) and (c) can be realized by concrete free (Zp)''-actions 
on some 2-dimensional CW-complexes X. But these conditions do not determine 
the homotopy type of K and X. For example, 

• when r = 1, p ^ 2, the K and X in (a) could be both or Klein bottle; 

• when r = 2, p = 2, the K in (c) may be either x or Klein bottle 
while X isS^ X S\ 
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Problem: Classify all regular (Zp) '"-covering spaces X over 2-dimensional finite 
CW-complexes with hrk(X; Fp) = 2*" up to homotopy equivalence. 

Theorem 1.3. If {'L2Y (r>l) can act freely on a compact 3-manifold M, then 
M must satisfy hrk(M;F2) > 2^. In particular, if M is closed, connected and 
hrk(M;F2) = 2^, we must have r < 3 and, the orbit space Q = M/{'L2Y and M 
must satisfy one of the following conditions: 

(a) r = 1, H,{Q- F2) = H,{^P^- ¥2), H^M; ¥2) = H^iS^; ¥2), 

(b) r = 2, H4Q;¥2) = H,{S' x MP^; F2), //*(M;F2) = H,{S^ x S^;¥2), 

(c) r = 3, H,iQ;¥2) = H,{M;¥2) = H^iS^ x x S^;¥2). 

Theorem 1.4. Suppose {l^pY (r > 1) acts freely on a compact manifold M with 
orbit space Q = M/{1jpY . Assume that the deficiency of the fundamental group 
of Q is at least 1. Then we must have bi{M;¥p) > 2^"^ and hrk(M; Fp) > 2^. 
In particular, if M is connected and hrk(M; Fp) = 2^, we must have r = 1 or 2, 
p ^ 2, and M and Q must satisfy one of the following conditions: 

(a) r = 1, 2, H,{Q-¥p) ^ H,{M;¥p) ^ H,{S^ x RP^;¥p) ^ H,{S^;¥p). 

(h) r = 2, p ^ 2, H,{Q;¥p) ^ H,{M;¥p) ^ H,{S^ x Klein Bottle; Fp) ^ 
H,{S^ X S^;¥p). 

In the settings of Theorem 11.31 and Theorem II. 4[ we observe that if {1'pY 
(r > 1) can act freely on a closed connected 3-manifold M with hrk(M; Fp) = 2^ , 
the homology groups ^r*(M;Fp) agree with if*(S'"^ x ■■■ x S'"'=;Fp) for some 
ni, • • ■ , rifc. This motivates us to ask the following question. 

Question: If there exists a free (Zp)''-action (r > 1) on a closed connected 
manifold M where hrk(M; Fp) = 2'', then does H^,{M■,¥p) necessarily agree with 
-ff*(5'"^ X ■ ■ ■ X S"""*; Fp) for some integer rii, ■ ■ ■ , n^? 

Note that the dimension of S*"^ x ■ ■ ■ x S*"* may be less than the dimension 
of M when p ^ 2. So far, all the examples known to the author (including 
higher dimensional ones) give positive answer to this question. Moreover, we can 
strengthen the question by replacing the "closed connected manifold" by "path- 
connected finite CW-complex" and ask whether the same conclusion holds. 

The key piece of machinery used in the proof of all the above results is the 
following theorem. 

Theorem 16.11 Suppose a group G admits finite presentation of deficiency d, 
i.e. the deficiency of G is at least d. Then for any prime p and any finite index 
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normal subgroup TV of G with G/N = H, 

fc-i 

h{N-¥p) > 1 + 6i(G;Fp)Aj(i7) + ^A^(i7) - \H\, Vfc > 0, 

j=0 

where \p{H) = dimpp Ap (H)/ Ap''^{H), A^piH) is the augmentation ideal of the 
group ring ¥p[H]. Note that 6i(G;Fp) > d. 

In particular, when H = {l^pY, we obtain the following results. 

Theorem 16.21 Let G be a finitely presentable group with deficiency at least d. 
Then for any prime p and any normal subgroup N of G with G/N = {lipY, 

k-l 

bi{N; ¥p)>l + h{G- ¥p)\nlJ +dJ2 H,r\ -f^ 0<\/k< r{p - 1), 

j=0 

where is the coefficient of in the polynomial (1 + a; + • ■ ■ + x^~^Y. In 

particular^ if G/N = (Z2)^ 

6i(iV;F2) > l + &i(G;F2)Q + ^ X] Q ~ 0<^k<r. 

Remark 1.5. Indeed, Theorem 16.21 gives us a collection of inequalities, one for 
each integer k between and r{p — 1). In practice, one chooses a proper k to 
obtain the strongest possible inequality. Theorem 16.11 and Theorem 16.21 ought to 
be useful for the study of homology growth and subgroup growth of a group. 

Remark 1.6. |20[ Theorem 1.6] gave another set of lower bounds of bi{N;¥p) 
where is a normal subgroup of a finitely generated group G with G/N = CZpY- 
But it seems to the author that Theorem 1 1 . 1 1 and Theorem 11.31 can not be derived 
from |20[ Theorem 1.6]. 

The paper is organized as follows. In Section |2l we will study finitely presented 
groups and their presentation complexes. We prove that any finite presentation 
of a group G can be transformed to another finite presentation of G with some 
special property. In Section [21 we analyze the cellular structure of a finite-sheeted 
regular covering space X over a 2-dimensional finite CW-complex K. We will see 
that the boundary map of the cellular chain complex of X has a rather special 
form. In Section HJ we will study a special type of square matrices whose rows 
and columns are indexed by all the elements of an ordered finite group H. In 
particular, we will study the relations between such matrices and the group ring 
Fp[/7]. In Section [5l we investigate the properties of the family of integers jfi^^l 
and compare them with binomial coefficients. Knowing these properties is very 
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important for the proof of Theorem 11.11 and Theorem 11.31 In Section [6l we prove 
Theorem 16.11 and Theorem 16.21 In addition, we will investigate some special 
cases of Theorem 16.21 In Section [TJ we prove Theorem ll.il In Section |8l we prove 
Theorem 11.31 and Theorem 11.41 Finally, in Section |9l we use our results to give a 
new proof of a proposition in |20| . 

To avoid confusion, we first address some conventions used in this paper. 

Conventions: 

• The elements of Fp are treated as integers in some occasions (though they 
are different from the actual integers). But the meaning should be clear 
from the context. 

• For a set S, we use l^l to denote the number of elements in S. 

2. Finitely presented groups and presentation complexes 

Suppose G be a finitely presentable group. Let V = (cti ■ ■ ■ , a„ | -Ri, ■ ■ ■ , Rm) 
be a finite presentation of G. The integer n — m is called the deficiency of V. 
When m = n, V is called a balanced presentation. The deficiency of G is the 
maximum over all its finite presentations, of the deficiency of each presentation. 

Any finite presentation V canonically determines a 2-dimensional CW-complex 
K-p called the presentation complex of V. 

• K-p has a single vertex go? and one oriented 1-cell 7^ attached to go for 
each generator (1 < j < So the 1-skeleton of K-p is a bouquet of n 
circles attached to go- 

• Kp has one oriented 2-cell /3j for each relator Ri {1 < i < m), where /3j is 
attached to the 1-skeleton of Kp via a map defined by R^. 

Here, we think of a 1-dimensional CW-complex as a 2-dimensional CW-complex 
with no 2-cells which corresponds to G being a free group. 

Fact: Hi{G; Fp) = G/[G, G]G'f ^ Hi{Kp; ¥p) for any prime p. 

Let {C^{Kp;¥p),d'^) be the cellular chain complex of K-p with Fp-coefficients. 

^ C2{Kp; Fp) C,{Kp,; Fp) Co{Kp; Fp) 

n m 

Then Ci(irp;Fp) = 0(7,), C2(i^p; Fp) = 0(A), 

j=i i=i 
where (7^) and (Pi) are the subspaces of Gi{K-p;¥p) and G2{Kp;¥p) spanned by 
7i and f3j, respectively. The map d'^ can be represented by a matrix A. — {o,ij)nxmi 
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ttij G F„, SO that 



^HA, - ■■ ,/3m) = (7i, - ■■ ,7n) 



'Oil 



It is clear that dimiTp ker((9^) = b2{K'p]¥p) and so Ta.nkf^{A) = m — b2{K'p;¥. 
In addition, by the Euler characteristic of K-p, we have: 

x{Kt.) = 1 - n + m = 1 - Fp) + h{Kv; ¥p). 

So we get b2{K-p] ¥p) = bi{K-p; ¥p) — n + m, and so 

rankF,(A) =n- bi{Kv; ¥p) = n - bi{G; ¥p). 



It is easy to see that we can use two types of elementary transformations to 
turn A into its Smith normal form (we do not require the nonzero entries in the 
Smith normal form to be 1 G ¥p). 

Type 1: multiply one row (or column) of A by a nonzero element of ¥p and then 
add it to another row (or column), 

Type 2: switch two rows (or two columns) of A. 

In other words, there exists a sequence of elementary transformation matrices 
Pi, ■ ■ ■ ,Ps and Qi, - ■ ■ ,Qt over ¥p so that 



PiAQ^---Qt 



D 




(1) 



where D is a diagonal matrix of size n — bi{G;¥p) whose diagonals are nonzero 
elements of ¥p. Pi, ■ ■ ■ , Pg, Qi, - ■ ■ ,Qt are matrices of one of the following forms: 



/I 



Tij{q) 



1 
Q 



qe¥. 



V 



7 



/I 



or Sij 



\ 




1 



1 




V 1 

Notice that T~j^{q) = Tij{—q) and S~j'^ = Sij. 

Remark 2.1. In the process of turning A into its Smith normal form, we do not 
need to multiphes one row (or column) by a nonzero scalar in Fp since we do not 
require the nonzero entries in the Smith normal form to be 1 G ¥p. 

Lemma 2.2. For any presentation V = (ai, ■ ■ ■ , a„ | -Ri, ■ ■ ■ , Rm) of a group G, 
there exists another presentation V = ( I ■ ■ ■ , Rm) of G, SO that in 

the cellular chain complex {C^:{Kj^]¥p),d^) of the presentation complex K^, the 



boundary map 82 is represented by 



D 




where D is a diagonal matrix of size 



n — bi{G; Fp) whose diagonals are some nonzero elements ofWp. 



Proof. Denote by F{ai 
sequence of words (wi, 
subgroup of F{ai, ■ ■ ■ , a„) generated by Ui 
define 



, Qn. For a 



, ■ ■ ■ , a„) the free group generated by Oi, 

Um) on ai, ■ ■ ■ , a„, let ((wi, ■ ■ ■ , Um)) be the normal 
■ ,Um- For any Tjj(g) and 5'^^, we 



1 ^m) 



(Wi, ■ ■ ■ , Um)Tij{q) — (Ui, ■ ■ ■ , UJi-l, UJiUJj, UJi+l, ■ ■ ■ , UJm) 
(U!i, • • • , Um)Sij = (uJi, ■ ■ ■ , Ui-i, UJj, Ui+i, ■ ■ ■ , UJj-1, UJi, " " " , (^m) 

It is easy to see that 

((Wi, ■ ■ ■ , UJm)Tij{q)) = ((Wi, ■ ■ ■ , Um)) = ((Wi, ■ ■ ■ , UJm)Sij). 

Next, we return to the discussion of presentation of G and start from ([T]). Let 

(-Ri, ■ ■ ■ , Rm) = {Ri, ■ ■ ■ , Rm)Qi ■ ■ ■ Qt- Then we have a new presentation V of 
G which has the same number of generators and relators as V. 

V = (ai, ■ ■ ■ , a„ I -Ri, ■ • • , Rm) (2) 

Let Kjs be the presentation complex of V. Then in the cellular chain complex 
{C^{Kjs] Fp), 9^), the map 82 is represented by AQi ■ ■ ■ Qt. 



So by definition, = | , ^ / aj' = < aj, I 
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Moreover, let 

(a'l, ■ ■ ■ , a^) = (ai, ■ ■ ■ , an)T.J^(g) = (oi, ■ ■ ■ , an)Tjj(-g), 
(a'/, ■ ■ ■ , a") = (ai, ■ ■ ■ , an)S^j^ = (ai, ■ ■ ■ , an)Sij. 

1=3- 

If we replace the generators ai, ■ ■ ■ , a„ in the presentation ([2]) by 
replace the a; (/ ^ i) occurring in ■ ■ ■ , Rm by a[ and replace in ■ • ■ , i?^ 
by a[{a'jY, we will get a new presentation of G, denoted by 

^' = (a'l, ■ ■ ■ -R'l' ■ ■ ■ '-^m)- 

Similarly, If we replace the generators ai,--- ,a„ in the presentation ([2]) by 
a'/, ■ ■ ■ , and change the relators accordingly, we will get a new presentation 
of G, denoted by 

' - ^a^, ■ ■ ■ , a„ I iti, ■ • • , ti^). 
Let -fC^, and A'p,, be the presentation complex of V' and V" respectively. Then 

the boundary map 9^' and 9^" in the cellular chain complexes of K^, and Kp„ 
are represented by Tij{q)AQi ■ ■ ■ Qt and SijAQi ■ ■ ■ Qt respectively. 

By iterating the above process of transforming the presentation of G according 
to the matrices Pi, ■ ■ ■ ,Ps, we get a new presentation of G, denoted by 

V = {ai,--- ,an\Ri,--- ,Rm) (3) 

where the generators (ai, ■ ■ ■ , a„) = (oi, ■ ■ ■ , a„)Pf'^ ■ ■ ■ -Pt^. Let be the 

presentation complex of V. Then in the cellular chain complex {G^,{Kj^; Fp), d^) 

of K^, the map 9^ is represented by Pj, ■ ■ ■ Pi^Qi ' ' ' Qt (see ([T])). So the lemma 
is proved. □ 



Remark 2.3. In Lemma 12. 2^ the two group presentations V and V of G have 
the same number of generators and relators. So V and V have the same defi- 
ciency. This fact is important for our proof of Theorem I L 1 1 and Theorem I L 3 1 later . 



3. Invariant cellular structures of regular covering spaces 

Let if be a finite group and X be a regular covering space over a 2-dimensional 
finite CW-complex K with deck transformation H. Let : X ^ K he the 
covering map. Up to homotopy equivalence, we can assume that K has a single 
0-cell go- Let the set of 1-cells of K be {71, ■ ■ ■ , 7^} and the set of 2-cells of K be 



■ ■ ■ , f3m}- Then X has a natural cell structure induced from K hy which 
is invariant under the action of H. 

Next, we choose 

• a point xo E ^~^{qo); 

• an oriented 1-cell 7^- of X attached to Xq so that ^{^j) = 7j (1 < J < n); 

• an oriented 2-cell /3j of X attached to Xq so that C,{Pi) = Pi {1 < i < m). 
Then the sets of 0-cells, 1-cells and 2-cells in X are 

• 0-cells : {h ■ Xq \ h E H} denoted by Hxq; 

• 1-cells : {h -^j \ h E H,l < j < n} denoted by H^j; 

• 2-cells : {h ■ Pi \ h E H,l < i < m} denoted by H^i. 

We label Xq, 7^ and Pi hj en E H (the identity of H), and label h ■ xq, h -^j 
and h ■ Pi hy h for any h E H . Then every cell a in X is labeled by a unique 
element E H so that hg.„ = gh„ for all g E H . 

Let {C^{X]¥p)^d-^) be the cellular chain complex of X with Fp-coefficients. 
C2{X- Fp) Fp) ^ Co(X; F^) ^ 

n m 

Then Ci(X;Fp) = 0(i77,), C2(X; F^) = 0(/7A) 

where (H^j) and {H Pi) are the free submodules of Ci(X;Fp) and C2(X;Fp) 
generated by the set H'^j and HPi over Fp, respectively. Clearly, 

(i/7.) = m = Fp[//], 

where Fp[^r] is the group ring of H over Fp. 

For the sake of self-containness, we review some basic facts of Fp[iJ] below. The 
group ring Fp[if] is a free module over Fp generated by all the elements of H. So 
we can think of the elements in H forming a basis of Fp[i7] over Fp, denoted by 
{5h I h E H}. Then any element v of Fp[i7] can be written as 

V = ^ IhSh, hi E Fp. 
heH 

Conventions: 

• We use e to denote the identity Ch for brevity when there is no ambiguity 
in the context. 

• We use to denote the zero element of Fp[i/] to distinguish it from the 
scalar G F„. 
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The product * on the group ring Fp[if] is defined by 

5g*5h:=5gh. 5g*Q = Q, \f Q , h E H , k E ¥ p . (4) 

J2 ^9^9 * ^^^^ -=5^5^ ^9k{59 * ^h) = YY^ kglhSgh- (5) 

g&H h&H g&H h£H geH heH 

The product * is commutative if and only if H itself is commutative. 

Notice that 5^ * 5h = * = ^h for all h E H . So 5^ can be identified with 
the scalar 1 E Fp, and the field Fp can be embedded in Fp[i7] via the map 

T : Fp — > ¥p[H] 

k I — > k6e 

There also exists a canonical homomorphism going the other way, called the 
augmentation. It is the map rjH '■ Fp[i7] — )■ Fp, defined by 




The kernel of rju is called the augmentation ideal of Fp[if], denoted by Ap (H). 
Indeed, Afp{H) is a free Fp-module generated by the set {— 5e + ^k] h E H} and 

The reader to referred to [21] and [22] for more information of group rings and 
their augmentation ideals. 

Remark 3.1. Although we can identify 1 e Fp with 6e, we would rather write 
—6e + Sh E Ayp{H) instead of —1 + 6h in this paper. 

There is a natural filtration of Fp[iJ] as following. 

Fp[i7] D A,^{H) D A^^(i7) D ■ ■ • D A^^(iJ) D A^^\H) D ■ ■ ■ (6) 

By abuse of notation, let A^^{H) := Fp[i^^]. In addition, define 

A5(if) := dimp^ A'^^iH) - dim,^ A^+i(iJ) = dim,^ A'^^{H) / A'^^^H) . (7) 

So we have 

dimr^A'^^iH) = J2K(^) = m- E ^p(^)- (8) 

j>k 0<j<k-l 

Since if is a finite group, the filtration ([6]) becomes stable after finitely many 
steps. In particular, Af^{H) = {0} for some k if and only if Af^{H) is nilpotent. 
A well known fact (see [T3| Theorem 9]) asserts that for any nontrivial group G, 
the augmentation ideal of the group ring R[G] over a unital ring R is nilpotent if 
and only if G is a finite p-group and p is nilpotent in R. 
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Next, let us see what 9^ looks like with respect to the ff- invariant cell structure 
of X. First of all, we choose a total order of all the elements of iJ, denoted by /, 
and call (if, J) an ordered group. Then we order the basis {5^ \ h G H} of Fp[i7] 
according to J, too. 

Example 1. A total order of elements in {'L2Y is 

< ei < 62 < 63 < ei + 62 < ei + 63 < 62 + 63 < ei + 62 + 63, 
where is the additive unit of (^2)'^. Then the corresponding ordered basis of 

lFp[(Z2)'^] is ^o; ^eii ^e2i ^e^i '^61+62; ^e^+e^i ^e2+esi '^£1+62+63- 

Suppose 

^2% = E E ■ 7., 1 < ^ < Ks e d,, e Z>o. (9) 

j=l s=l 

Note that dij may be greater than 1 because the 1-cells in the set H^j = 'C~^(7i) 
may appear more than once in the boundary of a 2-cell /3j (see Example [2]). 

Then for any g ^ H, we have 

d^{g-A) = Y.Il(9hl)-l,, l<z<m. (10) 

j=l s=l 

Next, we order the elements of the sets H^j and H/Si according to the order / on 
H. Then we get an ordered basis of Ci{X] ¥p) and C2{X] ¥p), denoted by 

{Hji, ■ ■ ■ , H^ri) and [h]3i, ■ ■ ■ , H^rn^ , respectively. 
Let ■ ■ ■ , HPm) = {H^i, ■ ■ ■ , H^n) M, where 



'Mn ■■■ Ml, 



M 



'-nm/ 



Each Mjj (1 < J < n, 1 < 2 < m) is a \H\ x \H\ matrix which tells us the weight 
of each 1-cell h ■ 7j in the boundary of any 2-cell g ■ Pi- We prefer to use row 
vectors in our discussion, so we define 

B = M*, Bi, =M;,. (11) 

Note that the rows and columns of each Bjj are both indexed by elements of 
H in order /. Let Bij{g, h) G Fp denote the entry of Bjj with row index g & H 
and column index h & H, and let ^ij{g) be the row of Bjj with index g. We can 
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identify Bij{g) with the element J^heH^ijid^ ^)^h ^ Then by (fTOl) and 

the definition of * (see ([5])), we have 

B^jigh) = 6g * Bij{h), yg,heH. (12) 

In particular, Bij{g) = 5g* Bjj(e), ^ g E H. 

Therefore, all the row vectors of Bjj are determined by only one row Bjj(e). We 
will see that this is the essential reason why Theorem 11.11 and Theorem 11.31 could 
hold. To make our discussion convenient, let us introduce the following notion. 

Definition 3.2. (Equivariant matrix) Let A be a \H\ x \H\ matrix over Fp whose 
rows and columns are indexed by the elements of if in a total order /. We denote 
by A{g,h) G the entry of A with row index g & H and column index h E H, 
and denote by A{g) the row vector of A indexed by (7 G if. We identify each 
row A{g) with the element YlheH -^id^ ^ IFp[if]. We call A an equivariant 
matrix indexed by {H, I) if A{gh) = Sg* A{h) for any g,h E H (see (|4]) and ([5])). 

By the above definition, each Bjj in (ITT]) is an equivariant matrix indexed by 
(if, I). We will study more properties of this kind of matrices in the next section. 
Before that, let us see an example of regular covering space from our viewpoint. 

Example 2 (Torus). Let X be the 2-dimensional torus 

= {{zi,Z2)\z,eC,\z,\ = l,z = l,2}. 
There is a free (^2)^ = (ci, 62) action on X defined by 

ei ■ {Zi, Z2) = {-Zi, Z2), €2 ■ {zi, Z2) = {zi, -Z2). 

It is easy to see that the orbit space K = X/(Z2)^ is homeomorphic to T^. 
We can decompose K as the union of one 0-cell qq, two 1-cells 71,72 and one 
2-cell /3. The induced (Z2)^-invariant cell decomposition on X and a choice of 
labeling of cells are shown in Figure [1] There are four 0-cells (^2)^X9, eight 1-cells 
(Z2)^7i, (^2)^72 and four 2-cells {'L2YP in X- Choose a total order on {'L2Y to be 
< ei < 62 < ei + 62, where is the additive unit of (Z2)^. Then the boundary 
map 82 is represented by the following matrix. 

ei 62 61 + 62 61 62 61 + 62 

0/101 110 \ 

10 1 110 

1 1 1 1 
\0 1 1 1 1 / 

Bii and B12 are equivariant matrices indexed by (^2)^. They encode the weight 
of each 1-cell in the boundary of the four 2-cells (^2)^/3 in X. 



B = (Bii, B12) = 

e2 
ei + 62 
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^2 




Figure 1. 

4. Properties of equivariant matrices indexed by an ordered 

GROUP 

Definition 4.1. An element v G is called balanced if v lies in A^plH), 

otherwise v is called unbalanced. An equivariant matrix A indexed by an ordered 
group {H, I) is called balanced (or unbalanced) if every row of A is a balanced 
(or unbalanced) element of ¥p [H] . 

The following lemma is immediate from our definitions. 

Lemma 4.2. For an equivariant matrix A indexed by an ordered group {H,I), 
the following three statements are equivalent. 

(i) A is balanced (or unbalanced). 

(ii) There exists some h & H so that A{h) is balanced (or unbalanced) . 

(iii) A(e) is balanced (or unbalanced). 

So all the equivariant matrices indexed by {H, I) are divided into two classes 
— balanced vs. unbalanced. 

In the rest of the paper, we will not distinguish an equivariant matrix A indexed 
by an ordered group {H, I) and the linear transformation on Fp[iy] defined by A 
with respect to the ordered basis {6h \ h G H} of Fp[iJ]. In addition, we think of 
any v G IFp[iJ] as a row vector and use vA to denote the image of v under A. 

Lemma 4.3. Let A be an equivariant matrix indexed by an ordered group [H, I). 
Then vA = v * A(e) for any v G Fp[if]. 

Proof. Suppose v = YlheH^h^h where 1^ G Fp. Then 

vA = J2 ^hA{h) = J2 {5h * A(e)) = ( ^h^h ) * A(e) = v * A(e). 
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□ 

Lemma 4.4. For an equivariant matrix A indexed by an ordered group {H, I), the 
linear map on ¥p[H] defined by A preserves A|^(iJ) for any k > 0. In particular, 
when A is balanced, A maps A'^^(H) into Af'^^(H) for any k >0. 

Proof. Note that Af^[H) [k > 1) is linearly spanned by the following set over ¥p 

:= {(-'^e + SgJ (-5e + e ¥p[H], where g,^... ^g^eH} (13) 

Note that here gi, - ■ ■ ,gk are not necessarily different. For any tuple {gi, ■ ■ ■ , gk) 
of elements in H, let 

n9i,-,g,) ■= i-^e + SgJ + 6 J, k>l. (14) 

In particular, V(^h) = + for any h E H and f (g) = 0. By this notation, 
= {^91,-, 9.) e ^p[H] ;g^,--- ,gkeH}, k>l. 

Let A(e) = J^heH^hSh, k e Fp. For brevity, let ||A(e)|| = r/H(A(e)) G Fp. 
Then A is balanced if and only if ||A(e)|| = G Fp. 

= ||A(e)||5e + lhi-5e + 5h) = ||A(e)||5e + Yl W)- 



So for any tuple {gi, - ■ ■ , gk) of elements in H, we have 



* ||A(e)||4 + Xl^/^^W 



V{9i,-,9uA = '"(91,-, 9k) * A(e) = 

= \\Me)\\Vig,,..,g,)+J2^hVig,,..,g„h)- 

heH 

Since ^^(3,,.,,,) e A'^^iH), G A^+i(if) C A^^(i7), so t'(g,,.,,,)A G 

Ay^{H). This implies that A preserves Af^[H). 

In particular, when A is balanced, i.e. ||A(e)|| = 0, we have 

Hence A maps Ap^(iJ) into Ap^^(i/). The lemma is proved. □ 

Proposition 4.5. If A is a balanced equivariant matrix indexed by an ordered 
group {H, I), then dimif^ ker(A) > Xp{H) for all k > 0. 
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Proof. By Lemma 1131 A maps (H) into A^+\H) for all A; > 0. So we have 



dimp, ker(A) > dim^^ A^^(iJ) - dim^^ A^^\H) = Aj(i7). 



□ 



In general, Xp(H) is not so easy to calculate for an arbitrary finite group H. 
But when H = {ZpY , the calculation has been done in |18) . 

Theorem 4.6 (Theorem 3.7 in [H]). For any r >l, k>0, Xpiil^pY) equals the 
coefficient of in the polynomial (1 + x + ■ ■ ■ + X' 



p—l\r 



In other words, Ap((Zp)^) equals the order of the following set fip^. 

= {(ji,-- - ,Jr) e I ji + ■■■+> = k,0<ji <p - l,i = I,-- - ,r}. 



p,r 

Obviously, | f2p ^ | > if and only ifO<A;<r(p— 1), and we have 

0<fc<r(p-l) 

+ xP~^Y = (1 - xPyil - we get 



In addition, since (1+x 



p,r I 



o<j< 



E 



j7 - PJ 

k — pj + r — 1 
k-pj 



(15) 



Obviously, > jl^a.r 



for any prime p. 



In addition, let {ei, ■ ■ ■ , Cr} be a set of additive generators of (Zp)*" and let 
be the additive unit. Then a basis of Ap ((Z^)'') is given by: 



{ (-5o + 5eJ * ■ ■ ■ * (-^0 + ^ej *■■■* {-S-Q + 5eJ * ■ ■ ■ * (-5o + 4J }, 

where (ji, ■ ■ ■ , jV) ranges over all the elements of ^^r- 



rn>k 



Remark 4.7. The augmentation ideal A((Zp)'') of Z[(Zp)''] is also well studied 
(see [HI |23l [251 126]). In particular, A'^((Zp)'')'s are all free abelian groups of the 
same rank. So A^((Zp)'^)/A'=+i((Zp)'') is torsion for all A; > 1. 
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5. Properties of |ri™^| 

In this section, we investigate the properties of |f2^^|'s and compare them with 
binomial coefficients. Knowing these properties is very important for the proof 
of Theorem 11.11 and Theorem 11.31 

It is easy to see that \ flp^j.\ = 1) \^p,r\ = ^ prime p, and 

l^m I f 1, < m <p - 1; 

' P''^' 1 0, otherwise. ^ ^ 

Moreover, we have the following recursive relation 

An easy way to prove this recursive relation is to understand as the 

number of different ways of putting m indistinguishable balls into r different 
bags where each bag can hold at most p — 1 balls. If there are exactly i balls in 
the ffist bag, then the remaining m ~ i balls must be put in other r — 1 bags, 
which gives the term 1^2™^ on the right hand side of f|T7|) . 

When r = 2, {n^^'J = + ^| + ■ ■ ■ + |fi^r^^"^^| for Vm G Z. So we get 

{m + 1, 0<m<p— 1; 

2p-m-l, p<m<2{p-l); (18) 
0, otherwise. 

Notice that \^'^2\ — l^p^2 "^1 f*^^ < m < 2{p — 1), and \^^2\ reaches its 
maximum at m = p — 1. In general, has the following properties which are 

similar to the properties of binomial coefficients. 

Lemma 5.1. For any prime p and any < m < r{p — 1), r > 1, 

(i) I = ini;?-'^-""]; 

(ii) l^;;;^! > for anyr>2and0<m< [^^^]; 

(iii) > \n';^-f,\ for anyr>2 and [^] < m < [(l±lKl^]. 

(iv) reaches its maximum at m = [^^^^^^^]. 

Proof. There is a bijection between the set fi™,, and Vfjf- ^ which sends any 
(ji, ■ ■ ■ , jr) e fi^;^ to (p - 1 - ji, ■ ■ ■ ,p - 1 - jr) G fipjr^^"™. This proves (i). 

The formula f fTSj) implies that (ii) and (iii) holds for r = 2. Assume (ii) and 
(iii) both hold for r — 1. Then by f|T7j) . we have 

lO"^ I _ IO"^~^l — lO''" I _ \Cl'^~P I (MX\ 

Ij^m I _ |^m-p| ^ ! + _ I Ifi'^-^f+ll. (20) 

\ p,r\ \ p,T I \ p,r—l\ ' ' \ p,r—l I I p,r— II I p,r— 1 I V 
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If < m < [ ^^ "^-' j, the induction hypothesis of (ii) and equation (fT^ imply 
Kr\ > \K,r^\- If [^^^^i^^] < m < [^^^], the induction hypothesis of (iii) 
and f fT9|) imply 1^™^! > So the induction step of (ii) is finished. As for 

(iii), we observe that when [ '"(p"-^) ] < m < 

m — p — i + 1 < {r — l){p — 1) — {m — p + i), I < i < p 

• When (r- l)(p- 1) -{m-p + i)< [^^^i^^], i.e. m-p + t> [^^], 
ll^^-P+^l = > (by the induction of (ii)). 

• When m — p + i < [ ^*-^~'^^ ], since m — p — i + l < m — p + i, 

\^^r-i^\ > l^jTr^r*^^! (by the induction step of (ii)). 

So when [^] < m < [(l±ifcll], we have > l^™r"-r'^'l for each 

1 < z < j». Using this, we pair l^^'i*]^*! with in the right hand side 

of (EUD and get 

\r)m I _ |Qm-p| _ \ ^ iQm-p+'ii _ iQm-p-j+li p, 
l<i<p 

This finishes the induction step of (iii). Finally, (iv) follows easily from (i) — (iii). 
So the lemma is proved. □ 

To have some idea of how fast \^^r \ increases with respect to m, let us compare 
with binomial coefficients. But the formula (IT^ of is an alternating 
sum, which is not convenient for our purpose. So we give another way to compute 
\^^r\ following. Let f{x) = 1 + x + ■ ■ ■ + x^~^ and F{x) = f{xY. Then 

^' m! 

where F^'^\x) is the m-th derivative of F{x). To write a concise formula of 
F^'^\x), let us first introduce some notations. Let Qm,p be the set of all partitions 
of m into positive integers no more than p — 1. Any element of 0m,p can be 
represented by an integral vector 

h h Is 

a = (ni, ■ - ,ni, hg, ■ - ,n2, ■ • • , h^, ■ ,n;), 
where 1 < rii < n2 < ■ ■ ■ < Ug < p — 1, h, ■ ■ ■ ,ls ^ ^ and liUi + ■ ■ ■ + IsTig = m. 
Define iV, := (ni!)'Hn2!)'^ ■ ■ ■ (nj)'% := h\ y ■ ■ ■ 
\a\ := li + I2 + ■ ■ ■ + hj so 1 < |a| < m, and 
/(°)(x) := (/("^na;))'^/^"'^^;))^' ■ ■ ■ if^'"'\x)y% 
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where f^^\x) is the k-th. derivative of /(x). By the fact that f^''\x) = when 
k > p — 1, we can show (by inductively taking the derivative of F{x) using 
Leibniz's rule) 



(r - 

Since f'-''\0) = k\, 1 < k < p - 1, we have /(°)(0) = N^. So we get 



F(-)(0)= V ^^f^-^, l<m<r. 
^ (r - |a|)! L„ 



l^rrl = r^= y. 7 ^-^^ l<m<r. (21) 

ml ir-\a\)\ L„ 



Lemma 5.2. For an?/ prime p and any 1 < m < r, 

K,r\ > \^2,r\ _ □ _r-m + l 



Moreover, the above equality holds only when m = 1. 

Proof. We can embed 9m-i,p into 6^,^ by mapping /3 G 9m-i,p to /J"*" G 0m,p 

h Is 

"n^) I — y /3+ = (1,'ni, ■ - , ni, ■ ■ ■ /n^, ■ - , n;). 
This map is obviously injective. Note that \(]~^\ = + 1, 



J_ ^ j (r-|/3hl)! ■ (Zi+1)L,3 ~ h+1 \ir-m)\ ' ) ^ " 



(r-|/3|-l)! V y{r-\p\)\ Lp ^ 

Since 1 < /i < < m - 1, we have r - > ^ > So 
r! 1 r — m + l/ r! 



(r- 1/3+1)! V - m V(^-|/3|)! ^ 



19 



Then by (1211) . we get 

r! 1 1 

r — m + 1 X ^ r! 1 

- 2- (r-|/3|)!'Z; 

r -m+ 1 1 

In particular, when r > m > 2, the partition (m) G 0m,,p can not be written 
as [5^ for any /3 G 6m-i,p, which imphes > ■ l^^^"*^! the above 

argument. So if = ■ 1^™^^!, must equal 1. □ 



6. Lower bounds of the first homology group of finite index 

normal subgroups 

In this section, we will prove the following theorem which is the driving force 
behind the proofs of all the main results of this paper. 

Theorem 6.1. Suppose a group G admits finite presentation of deficiency d, i.e. 
the deficiency of G is at least d. Then for any prime p and any finite index 
normal subgroup N of G with G/N = H , 

hiN;¥p) > l + h{G-¥^)\l{H) + dY,K^H) - VA; > 0, 

j=0 

where \p{H) = dim^^ A^^{H) / A^^^(H) , A^p^H) is the augmentation ideal of the 
group ring ¥p[H]. Note that bi{G;¥p) > d. 

Proof. Let V = (ai, ■ ■ ■ , | -Ri, ■ ■ ■ , Rn~d) be a deficiency-c? presentation of G. 
Let K be the presentation complex of V. Then bi{K] ¥p) = bi{G; ¥p). 

The Euler characteristic of K is 

X{K) = 1 - bi{K; ¥p) + b2{K; ¥p) = 1 - n + {n - d) = 1 - d. 

=^ bi{K- ¥p) = b2{K; ¥p) + d> d, so bi{G; ¥p) > d. 
By Lemma 12. 2[ we can assume that in the cellular chain complex of K, 

^ C2{K; ¥p) % Gi{K- ¥p) % Co{K; ¥p) 0, 

where the map 82 is represented by _E = ^^-'^^^'^p) ^ ^ go all the entries of 
E are except En, 1 < i < n — bi{G; ¥p). 
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Let go be the single 0-cell in K and let the set of 1-cells and 2-cells of K be 
{7i> ■ ■ ■ 5 In} and ■ ■ ■ , Pn-d}- 

For a finite index normal subgroup of G with G/N = H, let Xn be the 
covering space of K determined by A^. We label the cells of X^- in the same way 
as we do for X in Section [21 Notice that 

h{Xr,;¥,) = h{N;¥p). 

In addition, we choose a total order I of the elements of H (the choice of the 
total order is not essential for our proof). 

By the discussion in Section [3], the map in the cellular chain complex 
{C^:{Xi\i;¥p),d^^) is represented by a block matrix B with respect to the basis 

(/77i, ■ ■ ■ , H%) and (hA, ■ • • , H^n-d) of Ci{Xn; F^) and C2{Xn; F^). 



B 



/ Bn 

B21 



B12 
B22 



\B„_di B 



n-d,2 



Bin \ 

B2n 



Each block Bjj in B is an equivariant matrix indexed by the ordered group {H, I) 
which tells us the weight of each 1-cell g ■ 7^ in the boundary of any 2-cell h ■ Pi. 
Notice that Bjj is balanced if and only if the sum of the weight of all the 1-cells 
from H^j in the boundary of the 2-cell /3j is a multiple of p, which is equivalent 
to say Eij = G Fp. So for any l<i<n — d,l<j<n, 



Bjj is balanced if and only if E^j = 0. 



(22) 



Now we think of B as a linear map 

n—d n 

B : ¥p[H]®-^--®¥p[H] Fp[i/] © ■ ■ ■ © Fp[i/f, (23) 

where Bjj is a linear map from the i-th copy of Fp[iJ] on the left of (123|) to the 
j-th copy of Fp[if] on the right. Although it is difficult to compute the ker(B) 
precisely, we can get some lower bound of dimp^ ker(B) as following. 

Note that when B^j is balanced, it maps (H) into A'^+\H); and when Bij 
is unbalanced, it still maps Af^{H) into A^^(if) for all /c > (see Lemma [4.4p . 
And by (122]) and our assumption on E, Ba {1 < i < n — bi{G; Fp)) is unbalanced 
while all other Bjj's are balanced. So in particular, 

Bij is balanced, 1 < i < n - d, n - bi{G;¥p) + 1 < j < n. (24) 
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We claim that: for all > 0, 

n-d n-fei(G;Fp) 6i(G;Fp) 



A^iH) © . . . © A^^(f/) A'^^iH) © ■ ■ ■ © A^^(if)©A^+i(i7) © ■ ■ ■ © A^+i(i7). 

(25) 

Indeed, for any w i, ■ ■ ■ , Wn-d G A| (iJ), the image of (f i, ■ ■ ■ , fn-d) under B is 



^n—d n—d 



\i=l i=l 

By Lemma [4. 4^ each fjBjj belongs to A^^(^r). In particular, (12^ implies 
WiBij G A^+^(if), 1 < z < n - d, n - Fp) + 1 < J < n. 

n— a! 

So t'jBjj G A^^^(if), n — hi{G] F^) + 1 < j < which prove the claim. 

i=l 

From fl25|) . we can get the following inequality for each > 0. 

62(X^;Fp) = dimF^ker(B) 

> Fp) - d) dimF, A^^(/7) - F^) dimp^ A^^+^\H). (26) 

In addition, the Euler characteristic of X^v is 

x{Xm) = 1 - 6i(X^;Fp) + 62(X^;Fp) = \H\ ■ x{K) = (1 - rf)|i/|. 

=^ 6i(iV;Fp)=6i(Xjv;Fp) = l + 62(Xjv;F,) + (ci-l)|if|. (27) 
Plugging (126|) into (127|) . we get 

foi(iV; Fp) > 1 + (6i(G; Fp) - rf) dim^, A^^(/J) - 6i(G; F^) dim^^ A^+i(if) + (d - l)|iJ|. 

> 1 + 6i(G; F,) (dimp^ A^^(if) - dim^^ A^+^(i/)) - d ■ dim^^ A^^(i7) + (rf - l)\H\ 

>l + hi{G-¥p)\';{H)-di\H\- J2 + {d - l)\H\ (see 

V o<i<fc-i / 

>l + hiG;¥p)X';{H) + d J2 K^H)-\H\. 

o<i<fc-i 

□ 

When H = {l^pY , Theorem 16.11 and Theorem 14.61 together imply the following. 
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Theorem 6.2. Let G be a finitely presentable group with deficiency at least d. 
Then for any prime p and any normal subgroup N of G with G/N = {ZipY, 

fc-i 

bi{N; ¥p)>l + bi{G- ¥p)\n'pj +dJ2 K,r\ - < V A; < r(p - 1), 

where jfi^^l is the coefficient of in the polynomial (1 + x + ■ ■ ■ + x^~^y . In 
particular, if G/N ^ (Zs)^ 

6i(iV;F2) > l + &i(G';F2)Q + - 2^ 0<VA;<r. 

To have more quantitative idea of the lower bounds of bi{N^ Fp) in Theorem l6.2[ 
let us investigate two special cases below. 

Theorem 6.3. Let G be a finitely presentable group with deficiency at least 1. 
Then for any normal subgroup N of G with G/N = (/Ipf , t > 1, 

6i(iV;Fp)>2'-\ 

In particular, if b\{N] Fp) = 'F^^ , we must have b\[G] Fp) = r = 1 or 2. 
Proof. Set d = 1 in Theorem I6.2[ we have for any < k < r{p — 1), 

k-l 

fei(iV;Fp) >l + b^{G;¥p)\Q';J + J2K,r\-p' 

k 

>l + (b^iG;¥p)-l)\Q'^J + Y,Kr\-f 

i=0 

r(p-l) 

>l + (r-l)|fij;,|- K,r\- (28) 

i=k+l 

To prove 6i(A^;Fp) > 2''^^, we need to show that there exists some < A; < 
r[p — 1) so that 

r(p-l) 
i=k+l 

Claim 1: rip^r"^''"'' > ^2~r prime p > 2 and < j < [^], and the 

equality holds only when p = 2 or j = 1. 
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The claim is trivial when p = 2. When p > 2, by Lemma [5.11 (i), 
^T''^~' = {r-l)Kr\-Y.K 



p,r I ! 

1=0 



nr/ = (^-i)if^i.i-Ei^,.i 

Note that 1^2° ,,| = 1 for all prime p, so we have 



Moreover, Lemma [5.21 implies that for each < z < j < [- 



r+ll 
2 J' 



kj := — > ] ' := /cj > 1 (the equality holds only when j = 1). 

i-1 



So <ri)-^' - n^7 = {k, - i)(r - - - mu 

1=1 

>{k,-i) ({r-i)\ni,]-Y,\^ir\] >o 



i=l 

The last ">" is because |l]^2,rl > l^2,rl when 1 < z < j < [^]. 

Claim 2: For a fixed r > 1, reaches the maximum only at /c = [^^]. 
Indeed, since jfi^l = (D' - n^^' = - - So 

n,,, n,,, >o ^ >i ^ fc< 

So when /c < [^-^], 1^2 r ~ ■'^27"'^ > 0. Similarly, we can show when k > [^-|^] + 1, 
J. — ^2^^ < 0- Therefore, Ilg ,, reaches the maximum at and only at A; = [-^j. 
The Claim 2 is proved. 

r.(p_l)_[I+il [ '•+1 ] 

By the above two claims, we have Hp^r ^ > 112^^ . Next, we show that 
U[f^ = {r-1)( I,)- Yl f") > 2^-^-1, for Vr>l. (29) 
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• when r = 2t + 1, t > 0, [^] =t + l, 

2t+l 



j=t+2 

r + 1- 
2 

2,r 



2t 



J 

So to prove ' — 2*^"^ — 1 = 2^* — 1, it is enough to prove 



(2t + 1) ( +^^') > 2^*+! - 1, Vt > 0. (30) 



-)2t-l 



t+1 

• When r = 2t, t > 1, [^] = t, 

So to prove ,? — 2*^"^ — 1 = 2^*"^ — 1, it is enough to prove 

(2t-^)Q') >2^*-l, Vt>l. (31) 

It is an elementary exercise to verify fl30l) and (13T1) . so we leave it to the reader. 
In particular, we find that 

• if the equality in f l30l) holds, t must be 0, hence r = 1. 

• if the equality in f l3Tl) holds, t must be 1, hence r = 2. 

So when the equality bi{N; ¥p) = 2^~^ holds, the inequality in (128|) implies that 
bi{G; ¥p) = r = 1 or 2. The theorem is proved. □ 



Notice that ([i+i]) = ([rj)- So f l29l) is equivalent to the following inequality 

>2-i+ ^ n -1, Vr>l, (32) 



2]/ ^^[^1, 



where the equality holds only when r = 1 or 2. 
Theorem 6.4. Suppose a group G admits a balanced finite presentation. Then for 

any normal subgroup N of G with G/N = {ZpY , bi{N;¥p) > 1 + r\d^f^\ - p"^ . 
In particular when the equality holds, we must have bi{G; Fp) = r. 

Proof. Set d = in Theorem 16. 2^ we get for any < k < r{p — 1), 

biiN;¥p) > 1 + 6i(G;Fp)|l]J,,| -p'- > 1 +r|fij,,| -p^ 
In addition, by Lemma [5.11 (iv). jfip^l reaches its maximum at [^]. □ 
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7. Proof of Theorem 11.11 

Suppose i^' is a 2-dimensional path-connected CW-complex with finitely many 
cells and : X K is a regular covering space whose deck transformation group 
is {ZpY, r > 1. 

Up to homotopy equivalence, we may assume that K has a single 0-cell go- Let 
the set of 1-cells of K be {71, ■ ■ ■ , 7„} and the set of 2-cells of K he {Pi, ■ ■ ■ , /3m}- 
We will use the same notations and labels for the cells of X as in Section |3l Note 
that h{K-¥p) = 6i(7ri(i^,go);Fp) and h{X-¥p) = hMX,xo)-¥p). 

7.1. When X is path connected. 

When X is path connected, bQ^X; ¥p) = 1 and we must have 

biiK;¥p) > r > 1. 

Note that the fundamental group i^ilK, go) of K has a natural presentation 
defined by the cellular structure of K so that K is the presentation complex of 
. The deficiency of is n — m. In addition, since ^* : 7ii{X, xq) — ?■ Hii^K, go) 
is a monomorphism, we can identify 7ri(X, Xo) with its image C,*{tti{X,Xo)). In 
the rest, we think of 7Ti{X, xq) as a normal subgroup of iTilK, go), and so we have 

7ri(i^,go)/7ri(X,a;o) = {Z^y. 
This allows us to use the theorems in section [6] to estimate 6i(7ri(X, Xo); ¥p). 
The Euler characteristic of K and X are 

X{K) = 1 - bi{K; ¥p) + b2{K; Fp) = m - n + 1, (33) 
X{X) = 1 - 61 (X; ¥p) + b2{X; ¥p) = fx{K). (34) 

Case 1: When x{K) < —1, x{^) ^ —P^- This implies 

bi{X-¥p)>p'- + b2{X;¥p) + l. 

So hrk(X; Fp) = 1 + 61 (X; Fp) + b2{X; ¥p) > 2b2{X; ¥p) +f + 2> f + 2. So in 
this case, hrk(X; Fp) must be strictly greater than 2*". 

Case 2: When x{.K) = 0, we get m = - 1, x(^) = and 6i(X;Fp) = 
1 + b2{X\ Fp). So the natural presentation of tti{K, go) has deficiency 1. Then 
Theorem 16.31 implies bi{X\¥p) = 6i(7ri(X, xq); Fp) > 2^~^. So we get 

hrk(X; Fp) = 1 + 61 (X; Fp) + b2iX; Fp) = 26i(X; Fp) > 2\ 

Moreover, when hrk(X;Fp) = 2^, we have bi{X;¥p) = 2*""^. So Theorem 16.31 
implies that bi{K; Fp) = r = 1 or 2, and we must have: 



26 LI YU 



• biiK; ¥p) = r = l, h^iK- F^) = 0, hi{X- Fp) = 1, 62 (X; Fp) = 0. Then 

• hi{K- Fp) = r = 2, hiK- Fp) = 1, 61 (X; Fp) = 2, hiX- F^) = 1. Then 

H,{K;¥p) = H,{X-¥p) = H,{S^ x S';¥p). 

Case 3: When x{K) > 1, 

hrk(X; Fp) = x{X) + 26i(X; F^) = p^x(^) + 26i(X; Fp) > > 2^ 

In particular, if hrk(X; ¥p) = T\ we must have 

p = 2, xW = l, &i(X;F2) = 0. 

Then (133|) and (134|) imphes m = n and 62(^;1F2) =2^ — 1. So the natural 
presentation of 7ri(A', go) has deficiency 0. Then by Theorem 16.41 we get 

6i(X;F2) = 6i(7ri(X,xo);F2) > 1 + rl^^^^l - 2' = l + ^([r]) "2' 

• rr+ii ^ ^ 



• The first inequality holds only when bi{K; ¥2) = r; 

• The second inequality holds only when r = 1 or 2 (see (132|) ): 

• The third inequality holds only when r is odd. 

So if 6i(X;F2) = 0, we must have 6i(A';F2) = r = 1, and b2{X;¥2) = 1. In 
this case, 

p = 2, r = l, i7,(i^;F2) =i/*(MP';F2), F2) = i/^S'; F2). 

This finishes the proof of Theorem 11.11 when X is path-connected. □ 

7.2. When X is not path-connected. 

In this case, it is possible that bi{K; ¥p) = 0. So we have two cases. 

• When bi{K] ¥p) = 0, X is a trivial covering space over K, i.e. X is the 
disjoint union of 2'' copies of K. So 

hrk(X; Fp) = 2'' ■ hTk{K; ¥p) > T. 

In particular, hrk(X; Fp) = 2" hrk(A'; Fp) = 1, i.e. H^{K;¥p) ^ 

H,{pt;¥p). 

• When bi{K] Fp) > 1, there exists an 1 < s < r so that 
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— X has 2* path components Xi, ■ ■ ■ ,X2s which are pairwise homeo- 
morphic. So hrk(X; F^) = 2" ■ hrk(Xi; Fp). 

— Each component Xj of X is a regular (Zp)^~''-covering space of K. 
So by our discussion in the previous section, hrk(Xj;Fp) > 2'''~^. 

So we have hrk(X; Fp) = 2' ■ hrk(Xi; Fp) > 2' ■ 2"-' = T. 
So we finish the whole proof of Theorem 11.11 □ 



8. Proof of Theorem 11.31 and Theorem 11.41 

Let us only prove Theorem 11.31 and Theorem 11.41 when M is connected. If M 
is not connected, the proof follows easily from the connected case by the same 
argument as in Section 17.21 

Suppose we have a free (Zp)^-action on a compact connected 3-manifold M. 
Then the orbit space M/{'Lpy is also a compact connected 3-manifold, denoted 
by Q. The fundamental group of Q is finitely presentable. Let ^ : M — )■ Q be the 
orbit map. Choose a basepoint Xq G M and let go = ^(^^o) ^ Q- 

If M has boundary, so does Q. Since any compact connected 3-manifold with 
boundary is homotopy equivalent to a finite 2-dimensional CW-complex, so M 
is homotopy equivalent to a regular (Zp)^-covering over a finite 2-dimensional 
CW-complex. Then by Theorem ll.il hrk(M; Fp) > 2''. 

So in the rest of this section, we assume that M has no boundary, and so Q 
is a closed connected 3-manifold. The following well known result asserts that 
7ri((5,go) always admits a balanced presentation. 

Theorem 8.1. The fundamental group of any closed connected 3-manifold Q 
admits a balanced presentation. In fact, if Q possesses a Heegaard decomposition 
of genus k, then the fundamental group of Q can be presented by k generators 
and k defining relators. 

Indeed, suppose Q has a Heegaard decomposition of genus n. Then there is 
a canonical cell decomposition of Q associated to this Heegaard decomposition 
which consists of a single 0-cell, n 1-cells, n 2-cells and a single 3-cell. So the 
fundamental group Hi{Q, go) has a presentation V = (ai, ■ ■ ■ , a„ | Ri, ■ ■ ■ , i?„) 
whose presentation complex is exactly the 2-skeleton of Q. 

Since M is a regular covering space of Q with deck transformation group (Zp)^, 
7ri(M, Xo) can be thought of as a normal subgroup of vri((5,go) with 

7ri(g,go)/7ri(M,Xo) = (Zp)'-. 
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So by the fact that 7ii{Q, go) admits a balanced presentation and Theorem 16.41 

6i(M;Fp) =6i(7ri(M,xo);Fp) > 1 + hiQ;¥p)\dp^\ - 

r r(p-l) , 

>l + r\nlr' (35) 
Proof of Theorem When p = 2, the inequahty (135|) reads 

6i(M;F2) > l + 6i(g;F2)|f]g| -2^ > l + r(^^^J -2''. (36) 

In addition, 6i(M;F2) = 62(^5 IF2) by Poincare duahty. So to prove 

hrk(M; F2) = 2 + h{M; ¥2) + b2{M; F2) = 2 + 26i(M; F2) > 2^ 
we need to show bi{M; ¥2) > 2^^^ — 1. Then by (136|) . it is sufficient to show 

.g,3.2--2. (37) 

But it turns out that the inequahty in ( 1371) holds if and only if r > 4 (we 
leave it as an exercise to the reader). So only when r > 4 can we use our 
method to prove hrk(M; F2) > 2^. Note that the r = 1 case is trivial. But for 
r = 2,3, our estimate of 6i(M;F2) from Theorem 16.21 is insufficient! Fortunately, 
when r < 3, [241 Theorem 1.1] has already shown hrk(M; F2) > 2^. So we have 
hrk(M;F2) > 2^ for all r > 1. 

Next, we discuss when hrk(M; F2) =2^. Notice that when r > 4, the inequality 
in (137|) is always strict. So hrk(M;F2) = 2^ implies r < 3 and bi{Q;¥2) = r 
(see (I35D). Then by the assumption hrk(M; F2) = 2 + 6i(M; F2) +62(M; F2) = 2^ 
we get 6i(M;F2) = b2{M;¥2) = 2^~^ — 1. In addition, since Q is a closed 
connected manifold, we have b\[Q] ¥2) = &2(Q; ¥2). All the possible cases are: 

• r = 1, b2{Q; ¥2) = bi{Q; F2) = r = 1 and bi{M; ¥2) = b2{M; ¥2) = 0. So 

H,{Q; ¥2) = H,{RP^; F2), H^iM; ¥2) = H^iS^; ¥2). 

• r = 2, b2{Q; ¥2) = bi{Q- F2) = r = 2 and 6i(M; F2) = 62(M; F2) = 1. So 

H,{Q- ¥2) = H^iS' X MP2. p^)^ ^ ^^(^1 X g2. ^^y 

• r = 3, b2{Q] ¥2) = bi{Q; ¥2) = r = 3 and bi{M; ¥2) = b2{M- ¥2) = 3. So 

H,{Q; ¥2) = H,{M- ¥2) = H,{S' x S' x S'; ¥2). 

So Theorem [L3] is proved. Note that all of the above three cases can be realized 
by concrete free actions of (^2)*^ on some 3-manifolds. □ 
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Remark 8.2. In Theorem 11.31 if p 7^ 2, we can not prove bi{M;¥p) > 2^~^ — 1 
via our estimates in section O So some more accurate estimate of 6i(M;Fp) is 
needed to deal with those cases. 

Proof of Theorem \1.4[ Since we assume that the deficiency of the fundamental 
group 7Ti{Q, go) of Q is at least 1, so in particular, vri(Q, go) admits a deficiency-1 
presentation. Then by the fact 7ri(Q, go)/7ri(M, xq) = C^pY and Theorem 16. 3[ we 
can conclude that bi{M;¥p) > 2^~^ and, only when bi{Q;¥p) = r = 1 or 2 can 
we have 6i(M;Fp) = 2*^-^ 

• If M is orientable, hrk(M; Fp) = 2 + 26i(M; Fp) > 2^ + 2. 

• If M is not orientable, 

- p = 2, hrk(M; F2) = 2 + 26i(M; F2) > 2'' + 2. 

- p ^ 2, hrk(M; Fp) = 2bi{M; Fp) > 2^ 

So in all cases, hrk(M; Fp) > 2*". In particular, hrk(M; Fp) = 2'^ implies 

• 6i(M; Fp) = 2''-\ so r = 1 or 2, 

• p ^ 2, i.e. p is an odd prime, 

• M is non-orientable, so Q is also non-orientable. 
Then Q and M must be one the following cases: 

• r = 1, p ^ 2, bi{Q; Fp) = 1, b2{Q] Fp) = b^iQ; Fp) = and 61 (M; Fp) = 1, 
62(M;Fp) = 63(M;Fp) = 0. So 

H,{Q- Fp) = H,{M; Fp) = H,{S^ x RP^; Fp) = H,{S^- Fp). 

• r = 2, p ^ 2, 6i(Q; Fp) = 2, islQ; Fp) = 1, b^iQ; Fp) = and 6i(M; Fp) = 
2, 62(M;Fp) = l,63(M;Fp) = 0. So 

H,{Q; Fp) = /f,(M; Fp) = H^S^ x Klein Bottle; Fp) = H,{S^ x S^; Fp). 

So Theorem 11.41 is proved. Note that the above two cases can both be realized 
by concrete free actions of (Zp)*" on some 3-manifolds. □ 



9. An application 
We use Theorem 16.31 to give a new proof of the following proposition in |20| . 

Proposition 9.1 ([20] Proposition 8.6). Let G be a group with deficiency at least 
1. Suppose that bi{H] Fp) > 3 for some finite index subgroup H of G. Then 

sup{fei(Gj; Fp) : Gj is a finite index subgroup of G} = 00 
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Proof. Let -f2{H) = [H,H]Hp. Then we have H/-f2{H) = {ZpY^^^'^^l So by 
TheoremiSl we conclude that bi{-f2{H);¥p) > 2^i(-f^;^f)-i > 2^^^ = 4. Repeating 
the argument for '^2{l2{H)) , and so on, we obtain a sequence {Gj} of finite index 
subgroup of G, such that 6i(Gj;Fp) tends to infinity. □ 

Remark 9.2. In the above statement, the hypothesis that the deficiency of G is 
at least 1 is necessary. For example, the deficiency of G = Z©Z©Z is 0, but any 
finite index subgroup of G is isomorphic to Z © Z © Z. In addition, the condition 
bi{H; ¥p) > 3 can not be loosen either. For example, the deficiency of Z © Z is 1 
and 6i(Z©Z, F^) = 2, but any finite index subgroup of Z©Z is isomorphic to Z©Z. 
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